Abstract. Both biomembranes and biomimetic membranes such as lipid bilayers with several components contain intramembrane domains and rafts. Macromolecules, which are anchored to the membrane but have no tendeney to cluster, induce curved nanodomains. Clustering of membrane components leads to larger domains which can grow up to a certain maximal size and then undergo a budding process. The maximal domain size depends on the interplay of spontaneous curvature, bending rigidity, and line tension. It is argued that this interplay governs the formation of both clathrin-coated buds and caveolae. Finally, membrane adhesion often leads to domain formation within the contact zone.
Introduction
The amazing architecture of biological systems is based, to a large extent, on the spatial organization of biomembranes which involves a wide range of length scales. On the nanometer scale, these membranes consist of lipid bilayers which provide an interface for the anchoring of many types of proteins and polysaccharides. A simplistic cartoon of this supramolecular structure is shown in Figure 1 .
On the micrometer scale, biomembranes represent highly flexible surfaces which partition space into nested compartments and undergo unusual shape transformations such as budding. The latter process consists in the formation of small, spherical buds which are expelled from a larger membrane segment. In biological cells, budding is an ubiquitous process and represents the first step in the production of vesicles for transport through cell membranes and between different intracellular compartments.
It is quite remarkable that such a budding process, which may be observed in the light microscope, directly implies that the membrane has a certain type of molecular organization. Indeed, both the membrane forming the bud and the surrounding membrane matrix must be in a fluid state in which the molecules can flow and rearrange themselves within the plane of the membrane.
A typical biomembrane contains a large number of different lipids, proteins and polysaccherides, some of which are indicated in Figure 1 . For a fluid membrane, Figure 1 . Cartoon of biomembrane which consists of a lipid bilayer with many anchored components.
these different components undergo rapid lateral diffusion within the membrane. Thus, a single lipid molecule usually explores a membrane area of about 1 µm 2 in one second provided the membrane has a uniform composition.
It is intuitively clear that the different membrane components will interact in various ways. If some components have a tendency to cluster, they may form intramembrane domains with specific properties. A priori, one would expect that these domains can become as large as the membrane itself. It turns out, however, that fluid domains in fluid membranes can only grow up to a certain maximal size which depends on the membrane composition [1, 2, 3] . As soon as they reach this maximal size, the domains spontaneously form buds. This process of domaininduced budding provides a simple and generic mechanism and has presumably been observed for several biomimetic membranes [4, 5, 6] .
It has been known for a long time that biomembranes also contain intramembrane domains even though there has been some controversy about the relative importance of lipids and proteins in these structures. Budding of the plasma membrane often involves domains which are covered by a network of coat proteins such as clathrin; for a recent review, see [7] . Likewise, the formation of caveolae, which are cave-like invaginations of the plasma membrane, seems to require the protein caveolin. However, it is now widely believed that caveolae are formed from certain lipid domains or rafts containing glycosphingolipids and cholesterol [8, 9, 10] . It had been argued for some time that cell membranes contain domains which are enriched in glycosphingholipids [11] or cholesterol [12] . The raft concept promotes the idea that these two types of molecules work together in order to fulfill a variety of biological functions. Indeed, rafts and caveolae provide an important pathway for signalling and endocytosis, the latter being sometimes misused by 'smart' viruses [13, 14] .
From the physical point of view, the simplest way to initiate domain formation in a multicomponent system is to quench it into a two-phase coexistence region and to nucleate domains of the minority phase within the majority phase. Fluidfluid coexistence has been frequently observed in lipid monolayers at the air-water interface. One example is provided by monolayers prepared from the plasma membrane of red blood cells which contains a mixture of different lipids and cholesterol [15] .
For bilayer membranes containing similar components, several types of experiments gave some evidence for an analogous fluid-fluid coexistence but it was not possible, for many years, to directly observe the corresponding membrane domains. Very recently, this has been achieved for multicomponent bilayers containing a mixture of DOPC, cholesterol, and spingomyelin [16] using improved methods of optical microscopy [17, 18] .
In this article, I will briefly review some of our theoretical work on domains in membranes. First, in Section 2, membranes are decorated with anchored molecules which protrude from the membrane but have no tendency to form clusters. These molecules exert a local pressure onto the membrane and, in this way, lead to curved nanodomains. In addition, the anchored molecules undergo thermal collisions which make another contribution to the membrane curvature. In Section 3, some of the membrane components mutually attract each other and, thus, form intramembrane domains which are large compared to the size of a single molecule. These domains can only grow up to a certain maximal size which depends on their composition and, thus, on their bending rigidity, spontaneous curvature and line tension. Finally, Section 4 contains a brief discussion of adhesion-induced domain formation. In all cases, possible implications for the behavior of biomembranes are emphasized.
Anchored Molecules and Curvature
First, let us consider a bilayer membrane with some anchored macromolecules. Thus, the membrane contains one or several lipid components and, in addition, one macromolecular component which is large compared to the lipids and protrudes from the bilayer membrane. These macromolecules may be polysaccharides or proteins which are covalently attached to the head groups of some lipids or they may be anchored by a hydrophobic segment spanning the whole bilayer. In addition, one can construct synthetic polymers which have one or several hydrophobic anchors, see Figure 2 .
The synthetic polymers shown in Figure 2 are usually chainlike molecules built up from a single monomer. In order to attach such a homopolymer to the membrane surface, the polymer must be soluble in water (otherwise, it would prefer to sit inside the membrane). On the other hand, biopolymers such as proteins or RNA are built up from different types of monomers. These molecules usually fold into more or less compact objects, the surface of which is covered by the more hydrophilic monomers. In the following, the term 'polymer' is used both for synthetic and for biopolymers. The simplest membane composition corresponds to a small concentration of polymers which are soluble in water and have no tendency to form clusters or aggregates. The conformation of such a polymer depends on the membrane polymer interactions: If the nonanchored part of the polymer is repelled from the membrane surface, it forms an anchored coil; if this part is attracted to the membrane, it forms an adsorbed coil, see Figure 2 . In polymer physics, 'anchored coils' and 'adsorbed coils' are often called 'mushrooms' and 'pancakes'. I will avoid this terminology here since both cases look like 'mushrooms' in the presence of a membrane anchor.
Anchored and/or adsorbed coils exert spatially varying pressures onto the membrane and, thus, act to curve the membrane locally [19] [20] [21] [22] [23] . The sign and magnitude of this induced curvature reflects the entropic and enthalpic contributions to the polymer-membrane interactions. In addition, the lateral diffusion of the anchored molecules leads to collisions between them which also contribute to the membrane curvature. These two effects are described in the next two subsections.
Biomimetic membranes containing anchored polymers have also been studied by a variety of experimental methods [24] [25] [26] [27] [28] [29] [30] [31] . In all of these studies, the anchored polymers were observed to have a strong effect on the shape of the membranes.
CURVATURE INDUCED BY SINGLE MOLECULES
From the physical point of view, the simplest macromolecule is a linear homopolymer, i.e., a linear chain of identical monomers. Its properties are essentially controlled by three parameters: the solvent quality, the chain length measured by the monomer number, N, and the polymer concentration. In the absence of external constraints or forces, such a polymer forms a free coil which has the linear size R po ∼ a po N ν with the size exponent ν and the persistence length a po . The size exponent is ν 3/5 for good solvents and ν = 1/2 for θ-solvents corresponding to ideal chains. Now, consider such a polymer which is anchored to the membrane via a certain anchor segment. This anchor segment may be located at the end of the linear chain as in Figure 2 (a), it may correspond to a hydrophobic sidegroup as in Figure 2 or it may be a membrane spanning segment as in Figure 2 (c). For the three cases displayed in Figure 2 (a)-(c), the nonanchored part of the polymer is repelled from the membrane and, thus, forms an anchored coil. On the other hand, a polymer, which is attracted to the membrane, forms an adsorbed coil with many contact points as in Figure 2 (d). One example for the latter situation is provided by a negatively charged polymer anchored to a positively charged membrane.
For simplicity, the bilayer membranes in Figure 2 have been drawn as flat sheets. However, since the anchored and adsorbed coils are in direct contact with the membrane, they exert forces and bending moments onto the adjacent membrane segment.
Anchored coils
The curvature induced by anchored coils (or 'mushrooms') has been determined theoretically using scaling arguments, analytical calculations for ideal chains, and Monte Carlo simulations [19] [20] [21] . As a result, one finds that the membrane always bends away from the polymer as shown in Figure 3 . In addition, the magnitude of this local curvature has universal features: it is given by [19] M sp ∼ T /κR po ∼ T /κa po N ν for anchored coils (1) and, thus, only depends on the linear polymer size R po and on the ratio of the bending rigidity κ and the temperature T (measured in energy units).
Using the systematic methods of statistical field theory, one can also calculate the spatially dependent local pressure, which the polymer exerts onto the membrane, as well as the average shape of the curved membrane [21] . As a result, the membrane is found to have a cone-like shape close to the anchor segment and to attain a catenoid-like shape further away from it, compare Figure 3 .
One may also determine the curvature arising from an ensemble of N polymer coils which are anchored on one side of a membrane with area A. Each anchored coil affects the adjacent membrane segment with area A 1 where it induces the spontaneous mean curvature M sp as given by (1) . Averaging over the total area A of the membrane, one then obtains the spontaneous mean curvatureM sp 
The anchored coil also increases the bending rigidity κ of the membrane segment by κ = c κ T [20] . Recent experiments on ternary microemulsions give strong evidence for this effect and lead to the estimate c κ 1.5 [30] .
Coils anchored at both ends
If the polymer chain is anchored at both ends, one has two competing effects. When the two ends are close together, the polymer forms an anchored ring and the membrane again bends away from the chain. On the other hand, if both ends are far apart, the polymer is in a stretched state and then pulls on the membrane. For ideal chains with ν = 1/2, these two competing effects cancel to leading order and the polymer-induced curvature vanishes [32] .
Adsorbed coils
For adsorbed coils (or 'pancakes'), the membrane has a tendency to bend towards the polymer in order to increase the number of contact points but it may also bend away from the polymer depending on the details of the polymer-membrane interactions [22, 23] . In fact, the sign and magnitude of the polymer-induced curvature is found to depend on several molecular length scales such as the range of the polymer-membrane interaction potential and the size of the anchor segment [23] .
CURVATURE INDUCED BY MOLECULAR COLLISIONS
The polymer-induced curvature discussed so far arises from the entropic and enthalpic interactions between the anchored molecules and the membrane. Since the membrane is fluid, these molecules diffuse and occasionally collide. These collisions between the anchored macromolecules give another contribution to the membrane curvature as explained next.
Consider again a membrane segment of area A with N molecules anchored on one side of the membrane. These molecules can have various shapes as indicated in Figure 4 . The ball shape, for instance, may correspond to the average shape of a water-soluble polymer coil as discussed before or it may describe the compact shape of an anchored protein. Each molecular shape shown in Figure 4 is characterized by two length scales, R and . The length scale R corresponds to the radius of the largest cross-section parallel to the membrane surface. The length scale measures the distance of this cross-section from the midplane of the bilayer membrane; thus, the distance is at least half the bilayer thickness. In the planar membrane state, the anchored molecules behave as a two-dimensional gas of particles with hard core radius R. If the membrane has mean curvature M, the hard core radius is effectively reduced and becomes R eff ≈ R (1 − M) . Therefore, the membrane bends away from the anchored molecules and attains the spontaneous mean curvaturē
as follows from a virial expansion of the free energies. It is interesting to note that this effect arising from the collisions between the anchored molecules is already important in the low coverage regime, long before the molecules become closely packed on the membrane.
IMPLICATIONS FOR BIOMEMBRANES
Membrane proteins are believed to be rather rigid. Possible exceptions are provided by the loop segments between two membrane spanning segments. However, a flexible loop segment, which is anchored at both of its ends, does not induce any membrane curvature if it behaves like an ideal chain, see Section 2.1 above. In fact, the only segments of an ideal chain, which act to bend the membrane, are the first and the last segment which have only one anchor point [32] . Likewise, a protruding receptor as shown in Figure 4 may be too rigid to make additional contacts with the membrane surface. In principle, the size and the shape of the anchor segment may induce some curvature [19] but this effect is difficult to estimate in general since smaller membrane molecules such as cholesterol frequently undergo flip flops between the two monolayers which tends to relax local elastic strains within the bilayer.
On the other hand, membrane proteins, which diffuse laterally in the membrane, should bend the bilayer membrane via mutual collisions and, thus, induce the mean curvature as given by (3) . This mechanism may be relevant for lipid rafts. Indeed, it has been recently argued that lipid rafts recruit certain membrane proteins and receptors. If N such receptors, characterized by the two length scales R and as in Figure 4 , are anchored on the same side of the raft domain with area A, this domain should acquire the spontaneous mean curvatureM sp ∼ R 2 (N /A) 2 .
Domain-Induced Budding of Membranes
In the previous section, we considered a multicomponent membrane for which none of its components had a tendency to form clusters or aggregates. Now, let us assume that some of these components mutually attract each other and form intramembrane domains which are large compared to the size of a single molecule.
BUDDING OF A SINGLE DOMAIN
First, consider a single membrane domain, say β, which has been nucleated within a membrane matrix, say α, and which now grows by diffusion-limited aggregation as shown in Figure 5 . By definition, an intramembrane domain has a composition which differs from the composition of the membrane matrix. This difference in composition will usually lead to a difference in spontaneous curvature. In addition, the boundary of the domain gives a free energy contribution which is proportional to its length. The corresponding free energy density defines the line tension λ. In general, both the spontaneous curvature and the line tension provide a driving force for budding [1] . Even for vanishing spontaneous curvature, a flat domain of linear size L does not necessarily represent the state of lowest free energy since the length of the domain boundary can be reduced if the domain forms a bud: the domain boundary now forms the neck of the bud, and this neck narrows down during the budding process, see Figure 5 . Since the bud is curved, its formation will cost some bending free energy. However, since the free energy of the domain boundary is proportional to the domain size L whereas the bending free energy of the bud does not depend on the bud size (for M sp = 0), the domain must bud as soon as its size L exceeds a certain maximal size L max [1] . This is true in general provided the membrane is not under lateral tension as will be assumed here. 
Maximal domain size
If one ignores the curvature of the α matrix, the maximal size L max of the β domain depends on its spontaneous mean curvature M sp and on the length scale ξ ∼ = κ/λ. This maximal size has the general form [1] 
where the function (x) decreases monotonically with increasing x ≡ ξ M sp . Therefore, one has L max (ξ, M sp ) ≤ ξ 0 with 0 ≡ (0). The simple model studied in [1] , which ignores the precise shape of the neck region, leads to 0 = 8. One may also use the results obtained for limit shapes of vesicles with two domains [2] and consider the limiting case in which the bud is small compared to the total vesicle. The corresponding neck condition then leads to 0 = 4 as explained further below. For a lipid bilayer, the bending rigidity has the typical value κ 10 −19 J. In order to estimate the line tension λ, we may consider two adjacent domains consisting of two different types of lipids, say A and B. The interaction energies for pairs of AA, BB, and AB lipids are denoted by U AA , U BB , and U AB , respectively. A simple estimate for the line tension of the domain boundary within one monolayer is then given by λ E/a with the energy difference E ∼ = [ The addition of 30 percent cholesterol increases the bending rigidity of DMPC bilayers by about a factor of four [33] . Monolayers containing this mixture are close to a critical point at which the line tension vanishes; for zero lateral pressure, the corresponding line tension has been measured to be about 2 × 10 −12 N [34] . This implies that, for bilayers containing 70 percent DMPC and 30 percent cholesterol, the maximal domain radius L max (ξ, 0) should be about 800 nm.
Neck condition for complete buds
A vesicle which consists of two domains α and β often attains a limit shape in which the β domain forms a complete bud, i.e., a spherical bud which is connected to the mother vesicle by an infinitesimal neck. The domain boundary is contained in this neck. Adjacent to the neck region, the mean curvature M β of the bud and the mean curvature M α of the mother vesicle satisfy the condition [2]
where the bending rigidities κ α and κ β , and the spontaneous mean curvatures M α sp
and M β sp of the α and β domains will, in general, be different. If the first term on the left hand side of (5) is small, this condition becomes equivalent to 1/M β = 2ξ/(1 + 2ξ M β sp ) which is a special case of (4).
BUDDING OF MANY DOMAINS
The phase separation process within a multicomponent membrane will usually lead to the formation of many intramembrane domains. As long as the lateral tension within the membrane is small, the membrane will form many small buds. The simplest situation corresponds to a membrane with two components, say A and B, as shown in Figure 6 . This figure displays a sequence of vesicle shapes as observed in Monte Carlo simulations. The vesicle membrane consists of two different types of triangles or patches. For the example shown in Figure 6 , one has 1200 bright and 1200 dark patches with zero and positive spontaneous curvature, respectively [3] .
Each membrane patch should be regarded as a small, preassembled cluster of membrane molecules. The size of these patches is about 6 nm which is comparable to the smallest wavelength of bending modes [35] . Therefore, the total area of the membrane shown in Figure 6 is about 2400 × 36 nm 2 which corresponds to a relatively small vesicle with a radius of about 80 nm. At present, larger vesicles are not accessible to Monte Carlo (or any other type of computer) simulations.
Since the simulated vesicles are rather small, the volume of these vesicles was allowed to adapt freely in order to ensure that the vesicle membrane stayed tensionless during the budding process. One then obtains a relatively high surface density of buds as shown in Figure 6 . In real systems, the membrane may be subject to various constraints which can induce a lateral tension and, in this way, decrease the surface density of buds [1] . Inspection of Figure 6 shows that the formation of many buds involves three distinct time regimes: [3] (i) Formation and growth of intramembrane domains; (ii) Multiple bud formation; and (iii) Coalescence of small buds into larger ones. If the domains forming the bud have a spontaneous curvature, the buds become more tubelike as they grow in size. Time regime (i) corresponds to the usual phase separation dynamics in two-dimensional systems. The time regimes (ii) and (iii) are unique to flexible membranes and reflect their ability to escape into the third dimension.
IMPLICATIONS FOR BIOMEMBRANES
As mentioned before, a smooth budding process implies that both the membrane forming the bud and the surrounding membrane matrix must be in a fluid state in which the molecules can flow and rearrange themselves. Indeed, the compressibility of bilayer membranes is rather small and its area can only be changed by a few percent before the membranes become leaky and start to rupture. If such a membrane were in a solid-like or polymerized state, in which the molecules have a fixed spatial position, the smooth formation of a spherical bud would be impossible as one can easily demonstrate with a sheet of paper. As an alternative to a smooth budding process, one could envisage an active cut and paste procedure [1] but this would require a rather complex molecular machinery.
Clathrin-coated domains
Endocytosis is a frequent budding event of the plasma membrane by which the cell takes up macromolecules and other large particles from the extracellular fluid. The first pathway for endocytosis, which was studied in some detail, involves clathrin-coated domains. The elementary building blocks of the coat are receptor molecules with clathrin trimers (or triskelions) attached to receptor tails via assembly polypeptides. In vitro, these trimers spontaneously assemble into polyhedral cages which have a radius between 40 and 60 nm. Because of this self-assembly process, it is often argued that the polymerization of the clathrin network drives the budding process, see, e.g., [7] .
It is not possible to observe the time evolution of the budding process of clathrincoated domains directly since the domains are too small. However, electron micrographs show various intermediate states of this process and, thus, strongly indicate that it proceeds in a smooth way. This seems to imply that the clathrin polymerization represents the final step after budding has essentially been completed [1] . In this view, the budding is primarily driven by the interplay of spontaneous curvature, bending rigidity and line tension as described in Section 3. These parameters are, however, affected by the adsorption of the coat molecules.
Obviously, the adsorption of a coat protein on one side of the membrane changes its asymmetry and, thus, its spontaneous curvature. One contribution to this curvature arises from the collision mechanism, described in Section 2.2, as long as the receptor molecules which bind the clathrin are still laterally mobile. In addition, both the bending rigidity κ and the line tension λ are expected to increase with the adsorption of the coat. As discussed in Section 3.1, the maximal domain size 
Caveolae and lipid rafts
Caveolae are cave-like invaginations of the plasma membrane with a diameter of 50-100 nm. It has been recently proposed that these caveolae are formed from flat lipid domains or rafts consisting of glycosphingolipids, cholesterol and various colocalized proteins [8] [9] [10] . In vivo, the formation of caveolae seems to require the protein caveolin. However, as for clathrin-coated domains, the adsorption or insertion of caveolin into a raft domain will modulate the spontaneous curvature, bending rigidity and line tension of this domain, and, thus, may again lead to domain-induced budding.
Even though the existence of rafts is now widely accepted, the structure and size of these rafts is still a matter of controversy. It was concluded from a recent experimental study, in which the diffusion coefficient of anchored proteins was measured by optical methods, that rafts have a size of the order of 20-30 nm [36] . It has also been proposed, however, that the size of rafts may depend on the amount of lateral clustering [37] or crosslinking [38] , and that smaller rafts coalesce into larger ones after the preassembly of protein clusters.
The latter process can be understood in terms of the entropy of mixing since the coalescence of larger, preassembled building blocks involves a smaller loss of this entropy. Small raft domains diffusing within a large membrane matrix can again be modelled as in [3] and in Figure 6 . The dark patches in this figure now represent small, possibly cross-linked domains which grow into larger domains via coalescence. As soon as these domains have reached their maximal size, they bud and form caveolae.
Adhesion-induced Domain Formation
Finally, let us briefly consider a multicomponent membrane which is in contact with another surface, such as a solid substrate or another membrane. One of the intramembrane components is attracted by the second surface and, thus, corresponds to adhesion molecules or local stickers.
There are many different types of stickers which can vary greatly in their size. The smallest stickers are presumably charged head groups of lipids which are attracted towards an oppositely charged surface. Likewise, lipids may have large sticky head groups containing, e.g., polysaccharides. Much larger stickers mediate the specific adhesion of biomembranes which governs both cell-cell adhesion and cell signalling by target cells. The cell adhesion molecules (CAMs), which govern the binding of two cells, are usually relatively stiff rodlike molecules which are anchored in the bilayer membrane and which have a linear extension of 10-30 nm, i.e., large compared to the bilayer thickness.
Adhesion via stickers has been experimentally studied for a variety of multicomponent vesicles [39, 40] . It was observed that these vesicles often have a tendency for domain formation within the contact area. This process is, however, not universal. One system which does not exhibit adhesion-induced phase separation are neurons which adhere to laminin or fibronectin covered silica surfaces [41] .
Since the membranes are fluid, the stickers are laterally mobile and the membranes undergo thermally excited shape fluctuations. The behavior of these systems is difficult to predict since it depends on the interplay of several entropic and enthalpic contributions arising from specific sticker-surface and generic surfacesurface interactions, lateral sticker-sticker interactions within the same membrane, and shape fluctuations of the membranes.
A systematic study of this interplay shows that these systems exhibit two general cooperative phenomena: (i) In the absence of attractive sticker-sticker interactions, the sticker-mediated adhesion can only occur if the concentration of the stickers exceeds a certain threshold value [42] ; and (ii) The adhesion via stickers often leads to phase-separation within the membrane, i.e., to the coexistence of sticker-poor and sticker-rich domains [42] [43] [44] [45] [46] . Similar phenomena should occur during the adhesion of biomembranes. One interesting possibility is the combination of adhesion-induced domain formation and domain-induced budding. Such a two-step process could occur after the adhesion of two cells, say A and B, and could be used by cell A to take up membrane segments of cell B or vice versa.
